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Modal Analysis Using Segmented Piezoelectric Sensors

1. Callahan* and H. Baruh’
Rutgers University, Piscataway, New Jersey 08855-0909

This paper is concerned with the use of segmented piezoelectric film sensors for the modal analysis of structures.
‘We make use of the relation between the charge generated by the piezoelectric sensors and the modal coordinates,
the asymptotic behavior of the eigensolution of structures, and the concept of modal observers to extract the modal
coordinates and velocities from the sensor output. We also conduct sensitivity studies in an effort to determine the
optimal coverage area of the piezofilm sensor, and we investigate the effects of noise, unmodeled dynamics, and
parameter errors on the accuracy of the modal coordinate and velocity extraction. We analyze implementation of

piezoelements on beams as well as on plates.

I. Introduction

N the past few years, the introduction of piezoelectric film com-

ponents for motion sensing and control has changed the nature
of vibration measurement and analysis tremendously. Hardware is-
sues that have plagued experimentalists in the past, such as cost, size,
weight, number, and reliability of sensors have almost disappeared
with the introduction of piezofilm components. The potential that
such components have is evident from the interest these materials
have generated.!~#

Piezosensors in a sense can be treated as piecewise continuous or
continuous sensors, with the exception that a single electrical sig-
nal comes out of each sensor. For beams, various sensor weightings
have been proposed. In Ref. 9, segmented piezosensors are used to
general displacement profiles. In that study, it is determined that for
static deflection measurements, sensor shape has a strong effect on
the sensor’s ability to filter out higher modes. For dynamic beam re-
sponse, modal sensors have been proposed® in which there are film
elements running throughout the beam which are cut into shapes pro-
portional to the second derivative of the eigenfunctions. By virtue
of the orthogonality with respect to the stiffness of the structure,
the piezosensor acts as an orthogonal filter, giving a charge signal
directly proportional to the amplitude of the associated mode. The
advantage of this approach is that it gives the modal coordinate di-
. rectly, with no computational effort and excellent accuracy."> The
disadvantage is that the procedure requires one layer of film which
has to be cut into a prescribed shape and must span the entire length
of the beam for each observed mode, making it difficult to extract
several modal amplitudes. The approach becomes even more com-
plicated for two-dimensional structures.

In this paper we analyze the application of segmented piezoelec-
tric film sensors to modal analysis and, specifically, to the extraction
of several modal coordinates and velocities from the system output.
In addition to the approach by Lee and Moon,’ the process of obtain-
ing modal information from traditional sensors will be in the form of
modal filters or full-order observers.!®!! Using simple piezosensor
geometries together with modal observers gives satisfactory results
while still allowing for variations in structural mass and stiffness.

II. Sensor Equation

A linear piezoelectric plate theory that incorporates the piezo-
electric effect into the classic laminate constitutive equations has
been formulated by Lee.!? For a thin laminate, the displacements
of any point are characterized by the deformation of the geometric
midplane. If the in-plane displacements u, and vy are assumed to be
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negligible compared to the transverse deflection w and the output
signal is generated by deformation only, then the charge g, (¢) gen-
erated by each piezoelectric lamina is approximated by

a b .
qr(t) = "zr/ f {F(x» }’)Po(x, y)Lp[w(x’ Y, t)]}r dxdy
0 0

r=12,....,.N) (1)
where
0 0 o &
LP =e3lﬁ+632})y—2+2636m (2)
F.(r,y) 1, if (x, y) is within the rth sensor coverage
X, y) = .
y 0, otherwise

Here, €3, €j,, and e} are piezoelectric [(charge/area)/strain] con-
stants and Py(x, y) accounts for polarity variations in the mate-
rial. For a rectangular plate, a, b, and / are the respective length,
width, and height of the overall laminate. The quantity z, is the dis-
tance from the geometric center of the rth sensor to the midplane of
the laminate and N is the number of piezosensors. Figure 1 shows
the coordinate axes and dimensions for a rectangular laminate with
piezosensor coverage.

One-Dimensional Case: Composite Beam
If the midplane displacement has no y dependence, then Eq. (1)
simplifies to the one-dimensional sensor equation

?w(x)

ax2 dx

g (1) = —€3; 7 / Fr(x) 3
0

where

=3

2
Fr(x) =f F.(x,y)Po,(x,y)dy
w(x,y.t)
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Fig.1 Composite plate with surface electrode.
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Fig. 2 Piezoelectric strip dimensions for a beam.

From linear vibration theory, the transverse displacement of the
beam can be expressed as a linear combination of the natural modes
given by

w, 1) = Y w (I (@) “@

s=1

where w; (x) and 7, (¢) are the mode shape and corresponding modal
coordinate of the sth mode. After substitution of Eq. (4) into Eq. (3),
the one-dimensional modal sensor equation can be expressed in
vector form as

{g@®)} = [Bl{ln®} Q)]
where

“ dw, (x)
B = _eO er ﬁ(x) .
3L,r 0 dx?

The entries of [ B] need to be calculated only when the eigensolution
of the structure changes. Note that for an exact modal expansion,
the matrix [B] has dimension N x oco. The next step is to choose
the variation of the spatial electrode pattern F, (x) for each layer.

Lee and Moon® have shown that if the spatial electrode pattern of
the rth lamina is of the form

dx ©6)

dw, (x)
dx?
one obtains a true modal sensor based on the orthogonality of the
eigensolution of the beams with respect to their stiffnesses. Here,

the arguments u, are scaling constants. For this choice, the entries
of [ B} are given by

Fr(x) = phr

)

0 5 2
u‘fe31,rz"wr
Dg

where o, is the vibration frequency of the rth mode and Dg is
the effective elastic bending modulus of the laminate. Since [ B] is
diagonal, each mode can be sensed directly. Note, however, that the
lamina must span the entire length of the beam (integral is from 0
to a). This can be done with relative ease for beams, since the laminae
can be put side by side along the beam width or a few of them can be
stacked, but the sensors must also be cut into specific patterns due to

Brs = = Brs (8)

the requirement of F, (x). This approach may not be feasible for -

structures with complicated geometries or whose mass and stiffness
properties may change.

Rather than etch the lamina into complicated full-length patterns,
one can place segmented strips at various locations on the beam.
The spatial pattern of the rth strip in Fig. 2 has the form

Fr(x) = b [H(x ~x,) ~ H(x — x; —a,)] &)

where x, is the left-hand x coordinate of the rth strip, a; is its length,
b, is its width (not necessarily the width of the beam), and H (x)
is the spatial Heaviside step function. Putting Eq. (9) into Eq. (6)

yields
(10)
Xr
Two-Dimensional Case I: Rectangular Composite Plate
We consider here plates subjected to boundary conditions which
permit orthogonalization. A simply supported rectangular plate is

_ dw(x)
dx

d
B, = _egl,rzr r{ w(;JSX)

Note that the { B] matrix is now fully populated.

xp-tar

one such case. From linear vibration theory for plates, the plate
deflection can be decomposed into its constituent modes using

WE YD =Y > w5, V) (®) an

I=1m=1

Substituting Eq. (11) into Eq. (1) and arranging the modal coordi-
nates according to

m N2 N5 - M M2 N3
n m Mmoo My N2 N3
ne Mg Mo - | = | M omw mmo--- a2

yields the two-dimensional modal sensor equation, whose form is
identical to Eq. (5) except the entries of [B] are given by

a b
B, = _er / Fo(x, y)Po,(x, Y)Lplw;(x, y)]ldydx (13)
0 Jo

Here the indices /m in Eq. (11) depend on the position s defined by
the arrangement in Eq. (12). We examined a simply supported rect-
angular plate, whose normalized modes and frequencies are given by

o lirx | mgmy
sin sin

2
w(x, y) = Tohat P P

MGRCIE

where ph is the effective mass/area of the laminate.
One possible choice for the spatial electrode pattern is’

(s=1,2,..)

Fo(x, )Py, (x,y) = p, sin(i,rx/a) sin(j,wy/b) . (14)

where the indices ij correspond to r just as /m does to s. For a
simply supported plate, putting Eq. (14) into Eq. (13) yields

2z, (0 2b o a0
B,—_‘- = m—— - i~ ars
'—phab e31,rlr a +e32,r]r b

which is, indeed, a modal sensor based on linear plate vibration
theory.. For this approach, not only do the lamina have to be cut,
but to sense more than one mode, they must be stacked, which can
increase the mass and stiffness properties of the structure and, hence,
may alter the mode shapes upon which their design was based.

Analogous to the one-dimensional case, we investigated rectan-
gular segmented strips of the form

Fox,MPor(x,y) =[Hx —x,)— Hx = x, —a,)]

(15)

x[H@=y)—HQ@y -y —b)] (16)
In the y direction, the rth the strip begins at y, with b,, x,, and
a, defined earlier. Substituting Eq. (16) into Eq. (13) for a simply
suppoited plate yields

B = 2%, &0 Ib + 0 msa Coslsﬂx
™ Johab Sr\mga )7 T\ b a |,

Yrtar
yr

an
As in the beam case, [ B] is fully populated. For bending sensors, it
is common to set e3; = 0, since for commercially available films,
€3 is introduced through a coordinate transformation'? of the plate
axes. Since we want to sense only bending modes, we will do the
same. To facilitate the analysis, we set e, , = €3, ,, which yields

Xr+ar

yr+br
0 .
~— 2e3¢ , sin

Xr+ar mymy
in ——2

b

Ty lirx

X
X €O§ ——=
b

yr Xr

B zzreglvr Lb N m.a cos Lrx xr+ar . yr+br
rs = /ohab | msa Isb " b "
(18)
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Two-Dimensional Case II: Circular Composite Plate

A circular plate clamped at its outer radius is another case where
the natural modes are orthogonal, Here, the partial derivatives of
w are transformed into polar coordinates using the chain rule.!?
For a circular composite plate with piezoelectric laminae, given the
matetial constants e, 3,, and €Y, the output charge is given in
polar coordinates by (note that r is a variable for the circular plate
analysis, not an index)

2

27 pa
_ . . a
a()=—7 f / Fi Py { (eg1 cos® §+¢3, sin” 6+¢; sin 26) 3—?
0 Jo r

3 1 9%w
-+ (e31 sin® @ + €3, cos? 6 — X s1n29)< 8:) + = = 592 )

&0 a 1 a
+ 2(52— sin 260 + 3 cos 29) 8:) dr e (19)

Here, a is the radius of the circular plate. If e32 = e31 and e‘3’6 =0,
then Eq. (19) simplifies to

2n pa
ai(t) = —7ed; / / Fi P Viwr dr do (20)
0 JO

where the Laplacian operator is defined in polar coordinates as V2 =
82/0r2+1/r(3/0r)+1/r2(8%/862%). As atest case, we considered a
clamped circular plate. A convenient modal expansion for this case
has the form!3

W, 0,1 =Y Won(om (1)

m=1

+ ; Zl[wlmc(r9 0)nlmc(t) + Wims (rv e)nlms (t)] (21)

where
o () = 1 [Jo(ﬂOmr) _ Io(ﬂOmr):l
o J2mpha? | Jo(Boma)  To(Boma)

Wime (7, 0) } _ 1 |:Jl(ﬂlmr)

B I,(ﬂ,mr)] {cosle
wlms(r’ 0) - +/ ﬂphaz Jl(ﬂlma)

Il(,B,ma) sin /@
d,m=1,2,..)

and J; and I; are Bessel and modified Bessel functions of the first
kind and order . Here, the eigenfunctions wq, (r) are the axisym-
metric modes with unique frequencies wy,. For each frequency
wim({l > 0), however, there are two degenerate modes. Thus, any
pair of modes that satisfies the boundary conditions and are orthog-
onal to each other will serve as suitable eigenfunctions. It is natural
to select the sine wy, (r, #) and cosine wy,,.(r, #) modes as this pair,
since sine and cosine functions of the same argument are orthogonal
to each other. The quantities f,a satisfy the characteristic equation

5y (Bin@) J1-1(Bima) — Ji(Bima) -1 (Bima) = 0
which yields the corresponding natural frequencies

@im = (Bima)*+/ Dg/pha

Arranging the modes according to

nmn o omn oM o] [~ o1 Moz To3 T
73 N5 o - Mic M2 M3
n Ne N v Mis  Mas  Mss
g M2 M4 oo T | Mac M Maze - @2
Mo M3 Nis -+ Mis  M2as  M23s
i 1 L: i
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Fig.3 Segmented strip suitable for the circular plate.

leads to the familiar charge-modal coordinate relation (5), where

27 a
By = —Zked s [ f Fy Py, Viw;rdrdf (23)
0 0

Here, we consider the upper left N x (2N — 1) portion of the modal
coordinate matrix in an attempt to include the modes with the lowest
frequencies.

A uniform segmented strip with boundaries suitable for polar
coordinates has the form

FePoy = [H(r—ri)=H(r—n})|[H(6-6) - H (0 -63)] 24

Figure 3 shows the dimensions of the strip. For sensors of this type,
the entries of [B] can be found explicitly. One must be careful in
Sensor placement however, because an ill-conditioned [B] matrix
may occur.™

For a circular plate, one can also use precut rectangular strips.
For this case, the entries of [B] cannot be found in closed form,
requiring numerical integration techniques.

III. Extraction of Modal Coordinates

We have formulated the preceding plate analysis so that we can
apply the same techniques to both the beam and the plates. Hence, the
subsequent analysis will be applicable to all three cases considered.
The beam and plate analyses now only differ by the coefficient
matrix [B].

The matrix [ B] can be partitioned into N (N? for the rectangular
plate, N[2N — 1] for the clamped circular plate) modeled and » —
N(@n®— N2, n[2n — 1] — N[2N — 1)) residual portions -

T (1)
=[B. B 25
g =1 R]{nR(t)} 25

Since there are only N (N2, N[2N — 1]) strips, only this many mea-
surements can be taken at one time. This is accomplished by invert-
ing [B,;] to obtain modal coordinate measurements (denoted by #)

{#1(1)) = [Bu]""{g(®)} (26)
Substituting Eq. (26) into Eq. (25) yields
{H®) = 0,1} + [Bal " [Brl{nz (1)} @n

The measured modal coordinate 7),(¢) is the true coordinate plus
residual mode contamination.

At this point, one is equipped to compare the order of magnitude of
the contamination caused by residual dynamics with other types of
sensors. It is shown in Ref. 14 that the asymptotic behavior (s — 00)
of a one-dimensional structure is governed by

s ~ 5"

w, (x) ~ d; sin(smx) + e;cos(stx), (s=1,2,...)

where 2k is the highest order spatial derivative in the equation of
motion. For example, for a beam 22 = 4 and for a string 2k = 2.
Here, c,, d;, and e, are coefficients.

The preceding results for the simply supported beam apply ex-
actly the same way for any type of beam, regardless of boundary
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Table 1 Higher mode contamination for different sensor types

Sensor type Order of contamination

Point displacement sensors o
(displacement or velocity)

Point slope sensors O(s)
(slope or velocity of slope)

Strain gauges O(s?)

Full coverage piezoelectric lamina O(s)

Small coverage piezoelectric lamina O@?H

conditions and mass and stiffness distributions. One may classify
the different types of sensors and examine the orders of [ B,,} [ Bg].
Note that for this analysis to be valid for the general case, it is as-
sumed that the sensors are relatively evenly distributed and that
elements [B,] and [B,,]"! are of order O(1). What remains is to
analyze the entries of [ Bg]. Table 1 shows the order of higher mode
effects for different sensor types.

For strain gauges, the strain is proportional to the second deriva-
tive of deformation for beams. As shown, piezosensors with ex-
tremely small surface area perform just like strain gauges. This is
to be expected; Eq. (1) indicates that the charge is proportional to
the integral of the strain. These orders of magnitude have to be
considered together with the amplitudes of the modal coordinates.
As discussed in Ref. 9, the higher mode effects in {#)(z)} can be
made less observable by using piezosensor shapes with better filter-
ing properties. For dynamic analysis, however, it will be shown that
measurements obtained from simple rectangular shapes fed through
modal state estimators (observers) give satisfactory results. Rather
than concern ourselves with the spatial filtering properties of each
sensor, we leave this task to the modal state estimators.

In the example for the one-dimensional case, we used equal length
sensors and defined a length parameter p, where 0 < p < 1. The
segmented strips then have the form

x=[r-id+pl@nN), a=p@a/N)
For practical modeling purposes, we used the first n = 10 modes
and tried to sense the first N = 3 coordinates. With continuous
coverage,
0 507 000
(Bn17'(Bel=|2 0 0 0 4 05 @8)
00 0O0O0C30

p=1 [O@)]

As coverage vanishes,

0 25 0 —-49 0 0 0
4 0 0 0 -—-16 0 =25
0 0 0 O 0 -9 ©

(Bl '[Br] =

[OG™)]

For true point displacement sensors located where coverage goes
to zero,

p—0,

[Bn]™" [Br] ,
010 -1 0 0 0
=110 0 0O -1 0 -1 , [OM)]

000 O 0 -—1 0

Thus, as p — 0, the strips act as strain gauges, with residual mode
effects proportional to s2 (as opposed to s for p = 1). From this
observation, for equal distribution among the strips p.= 1 leads to
the least amount of contamination by higher modes.

It follows from the preceding argument that to minimize resid-
ual dynamic effects one is best served by using point displacement
sensors. This is so because the measurements are directly related

to displacements not to their derivatives (which introduces mode
number magnification to the residual modes). This is not possible
under many realistic conditions, however, because the displacement
sensors need to be attached to a fixed reference frame. As will be
shown in the numerical examples, piezosensors with a relatively
significant amount of coverage do a good job, especially after their
signals are processed by modal observers.

Similar to the beam, we examined rectangular strips for the rect-
angular plate model, except N* modes were measured for symmetry.
Using the same coverage parameter p, we then have

x=[b—-30+p)]@/N),  a =pa/N)

Yo =[m~ 20+ p)]®/N), b, = p®/N)

For the simply supported rectangular plate model, we used N2 =
3 x 3 = 9 sensors with an n? = 100 mode simulation. For the
clamped circular plate, we set N = 2 and n = 10, giving us 6
sensors on a 190 mode model. [B,,]"![Bg] is a 9 x 91 matrix for
the rectangular plate and a 6 x 184 matrix for the circular plate, so
we will not include them here, but the same principles apply, since
the asymptotic behavior of the eigensolution of plates is similar
to that of a beam. The higher mode participation effects are more
pronounced for the plates since the eigenvalues are more closely
spaced than they are for beam problems. This is especially true for
the lower modes, which is the concern of this paper.

IV. Modal Observers
Using charge measurements, we have extracted a modal coordi-
nate measurement, but we still need a modal velocity. One can take
the time derivative of Eq. (27) to obtain modal velocity estimates,
but using modal observers has been proven to be more reliable. '
The modal coordinates satisfy the uncoupled equations

1 0
oo [

@ =[1 0] (29)

, 0
wO=\_5

T

where
@)= 70" 30 =0

and N, (¢) is the modal forcing for the rth mode. A full-order state
estimator (observer) for Eq. (29) has the form'®

. _kr,l 1 kr,l 0
(1) = [_wz “ ks O]zr(t) + [kr,z} m () + [I}M(t)

T

where
() =) 7,01

are the estimates for x, (¢). Closed-form expressions can be found
for the gain matrix K

ke | ] =+ 29) 30)

kr2 Ahy — w?
If the entries of K are chosen such that eigenvalues A; and X, of the
observer have negative real parts, then z(z) — x(t) — O ast — oo.
Since the true modal coordinates are not known, the measurements
71, (t) are used to drive the modal observers. This is different than
traditional Luenberger observers, in which one or more of the state
variables is also the output. Here, the modal coordinate measure-
ments are fed through the modal observers to estimate themselves,
as well as modal velocities. The modal observer acts to filter out
residual dynamics and smooth out noise contamination, as well as
give a velocity estimate.

Also note the observer defined above is for charge measurements.

If the current is measured, a modal velocity measurement can be
obtained, since electric current is the time derivative of charge. In
this case, the form of the observers and gain matrix entries must be
modified, but the approach is the same.
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V. System Errors and Disturbances

We next analyze the effects that need to be considered in an actual
real-time observation. All of these effects couple the modal observer
equations with each other and should result in deterioration of the
performance of the modal observers.

Noise Effects
In an attempt to model noise, we assume that the charge is affected
by some small quantity ‘

€ = Arqr(t) (31)

in which A, is a uniform random number. Using the preceding
approach, we obtain for the measurements

{H(®)} = (0, ®} + [Bul "' [AlBn1{n,,(1)}

+1[B.17'[ + Al[BrHnz ()} (32

where [A] is a diagonal matrix with random elements. We see that
noise modeled in this fashion further corrupts the modal coordinate
measurements by coupling the observed modes.

Note that if the properties of the noise are known and the noise
amplitudes are large, one can use modal Kalman filters to estimate
the modal coordinates and velocities.'”-1® Our objective in including
noise in the system simulations here is to examine the degradation
in the observer performance due to noise that is not accounted for.
As we shall demonstrate later in this paper, moderate amounts of
noise have virtually no effect on the observer performance, making
it unnecessary to use modal Kalman filters, at least for the examples
considered.

4t =q.@) + e,

Damping Effects
In all real physical systems, there is some damping present. Not
including a modal damping term or including an incorrect damping
term in the observer equations makes the model unrealistic, but the
modal observers inherently account for this by choice of the observer
- gains. In the presence of damping, the modal equations become

. 0 1 0
X (1) = —? 24,0, x. () + 1 u,(t)

(@) = [1 Ox, ()
For a desired set of eigenvalues A; and A,, the gain matrix becomes

kr,l _ _()‘1 + )‘2 + 2§rwr)
ko || Midg — @? + 260, (A1 + Ay + 26 @;,)

In comparison to Eq. (30), by including damping in the observer
model, we require less gain for the same pole placement.

Discretization Effects :

For very simple plate and beam geometries, exact solutions of
the eigenvalue problem exist. In general, however, complicated
geométries and boundary conditions do not permit such results.
To analyze the effects of spatial discretization, we use the as-
sumed modes method.’> For this approach we choose a finite
series of n twice-differentiable linearly independent admissible
functions ¥;(x) which satisfy the geometric boundary conditions
without overconstraining the problem. The mode shape approxima-
tions ¢; (x) are then related to these functions by

$ix) =Y Usv(x) (33)
j=1
where the columns of the matrix U;; are the normalized eigenvectors
of the discrete eigenvalue problem resulting from the application
of the assumed modes method. For the beam case, we used the
following set of linearly independent polynomials:

x X i Jjx
‘/’f(;) =all (1 - 7;) 64

The natural frequencies of the discretized system (for order of dis-
cretization n = 5) are

{®} = {9.870, 39.65, 90.34, 276.0, 508.4}/ D/ phba*

From the exact solution to the eigenvalue problem,

{w} = {9.870, 39.48, 88.83, 157.9, 246.7}\/ Dg/ phba*

we see that five admissible functions give good approximations to
the first three eigenvalues.

Discretization can also be done for the simply supported plate
model, except some care must be used when integrating the bihar-
monic stiffness operator by parts. For the rectangular plate, our set
of trial functions has a similar form,

E22  TOURE2Y u (AR
mxmy»-abhﬂ(l ia)£l(1 jb) 35)

One must use caution when numerically computing the discrete
eigenvectors. Depending on method of solution, they may not be
properly normalized, and the order of magnitude of the natural
frequencies may not coincide with the index arrangement defined
earlier, .

Continuing with the beam, now denote [ B] as the charge/modal
coordinate matrix using the trial functions. Thus, Eq. (32) becomes

{A(0)} =[Bn] "I + AlBnl{N, (1)} + [Bm] U1 + AlLBrI{f12(1)}

(36)

For the plate discretization, the computed eigenvectors must be ar-
ranged according to the preceding index assignment (12) or (22)
before computing [B,,].

with

des(x)
dx

_dg)
dx

Xr+ar

- 0 =
B, = _331,,-Zruvr|:

V1. Observer Performance
Beam Results
We will first show the reconstructed modal velocities and coor-
dinates for the beam, using a three strip model with full coverage
subject to the following loading and initial conditions:

q(x, 1) = 20sin(3x %) (x/a)[1 — (x/a)?]

wo(x) = (x/a)[1 — (x/a)],

We used the approximate mode shapes derived earlier and included
uniform measurement noise with A = [—0.05, 0.05]. Thus, the nat-
ural frequencies that used in the observers were those computed from
the discretization analysis. We included system damping ¢, = 0.01
in the solution but modeled no observer damping to illustrate that
errors in damping properties are not critical. After experimenting
with several different observer pole configurations, we found that
complex conjugate poles of the form

wo(x) = x/a

A

= Re*x jo, €0)]
ol

gave the best results. This is not as evident in the beam analysis as
it was in the plate response. The imaginary part of the pair gives the
oscillating frequency of the observer response, so we set it equal to
the corresponding natural frequency. This is why we need accurate
estimates for w, . Figure 4a gives the third true modal velocity plotted
with its corresponding observer for Re = —5.

We next checked the observer quantities corresponding to the
modal displacements. Referring to Fig. 4b, we see that for the second
modal coordinate, the observer was closer to the true value than the
measurement itself. We also ran cases where beam loading was
present but not modeled in the observer. The results indicated that
the observers work very well even in the presence of known as
well as unknown external excitation.* Also note that for the third
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Fig.4 Modal observer estimates for the beam for a) 73 and b) n;.
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Fig. 5 Modal observer estimate for 13, with a) p = 0.81 and b) p = 0.04.

mode (Fig. 4a), there is a lag betweeén the true modal velocity and
its observer estimate. The modal observers are constantly trying to
keep up with the system motion.

We nextreduce the lengths of the strips by decreasing the coverage
parameter p. For the beam, the coverage area is linearly proportional
to p. The results for the second modal velocity 77,(¢) are shown in
Fig. 5. For this set of plots, we used the same parametets as before
except we set {, = 0. The modal velocity extraction deteriorates
very little as the coverage becomes smaller. A smaller pattern was
observed for the modal displacements. It should be noted that all of
the simulations described were also conducted for cases where each
piezosensor was of different length or the distribution of the sensors
on the beam was not even. There was no discernable difference in
the results.

Next, we introduce parameter uncertainties to the modal coor-
dinate extraction process. These deteriorate the extraction results
by making thé [B,,] matrix even more different from [B,,]. As an
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Fig. 6 Maodal observer response for 7); with a point mass error.

illustration, consider a point mass per unit width added to the beam,
modeled as M = 0.1phab at x/a = 0.25. This gives the first three
natural frequencies {@} = {9.405, 36.45, 87.56},/ D/ phba*. We
treat the point mass as a mass distribution error by including it in
the discretization calculation of [ B,,] but not in the true system dy-
namics. The observer response-for the second modal velocity with
A = 0.05 is shown in Fig. 6. System damping was omitted for
clarity. Although the amplitude is smaller than the true value, the
modal observer gives accurate frequency response with a constant
phase lag. The modal observers converge to the proper frequency,
even with a significant error in the mass distribution.

In all of the beam calculations, B,s = 0(r =-1, 2, 3). For the
sixth mode of a simply supported beam, ws(x) ~ sin(6wx/a),

so that
' a ! 2a !
wg(0) = wy (5) = wy (—3—) = wg(a)

Thus, for N = 3 strips and full coverage,

B = 17,63, [wg (r%) — wg ((r - l)g)] =0

So our strip layout for the beam is incapable of sensing the sixth
mode. For the simply supported beam, full coverage with N equal
length strips automatically filters out the 2Nth mode. A similar be-
havior was seen in the simply supported plate model. This sensor
output cancellation was also observed by Tzou and Fu.” Since the
strip edges lie on two: similar nodal lines, the charges generated
within the sensor effectively cancel out. If any one of the N sen-
sors is used to measure a mode- it cannot detect, this. leads to-an
ill-conditioned [B,,] matrix.!* This makes it difficult to obtain a
modal coordinate estimate, since [ B,,] must be invertible according
to Eq. (26): In this case modal coordinate extraction becomes even
more difficult when measurement noise is introduced.

Rectangular Plate Results

First, we simulated a simply supported rectangular plate with

b = 1.5a and full 3 x 3 sensor coverge subject to an impulse loading

Fo=1, at x/a=04, y/b=07
Measurement noise with A = [—0.05, 0.05] was also included;
approximate mode shapes and observer frequencies were found us-
ing a 5 x 5 discretization with the two-dimensional trial functions
given by Eq. (35). Figure 7 shows some modal observer results
with Re = —8.

For the higher modes, we found that the amplitudes of both of
the reconstructed coordinates and velocities were smaller than the
true modal values. The frequencies for these modes were simply too
fast for the observers to keep up. This can be remedied by making
the real part of the modal observer poles more negative, speeding
up the convergence rate but also increasing sensitivity to sources
of error. All modal observers showed excellent agreement with the
true vibration frequencies.

To compare coverage effects to the beam, we note that for the
rectangular plate the sensor coverage area is proportional to p2.
Thus, to make a fair comparison between the simply supported beam
and rectangular plate models, the values we select for p for the plate
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Fig. 8 Effect of coverage on 7y, fora)p=0.9 and b) p =0.2.

must be the square root of the values used in Fig. 5. Figure 8 shows
the effect of decreasing coverage on the extraction of 7;,(¢) using
the appropriate values of p. The modal observers for the rectangular
plate are much more sensitive to p than those for the beam, given
the same relative coverage area. As mentioned earlier, this is due to
smaller spacing between the plate natural frequencies.

Circular Plate Results
Next, we simulated a clamped circular plate with the strip layout
shown in Fig. 9 subject to an impulse loading

Fo=100, at r/a=02  O=mn/6
We also included noise with A = [—0.05, 0.05] and the first 190

modes based on the modal coordinate index arrangement defined for

Tyt
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Fig.10 Observer estimates for the circular plate for a) 7313, and b) 7¢1.

the circular clamped plate. The modal observer poles were chosen
with Re = —8. Here, system damping with ¢, = 0.01 was included
but discretization effects were omitted. Figure 10 shows some modal
observer results for the circular plate model.

Not only are the circular plate frequencies more closely spaced
than those for the rectangular plate, they are degenerate for all
modes higher than the axisymmetric modes (wj,. and wy,, have
the same vibration frequency wy,,). This is the main reason for the
chatter of the 7o;(¢) observer about its true modal coordinate in
Fig. 10b.

Although the modal observers for the circular plate never con-
verge absolutely for our selected strip layout, they show very good
frequency behavior, despite the presence of repeated eigenvalues.

From preceding discussion, we have selected e, = 0 for all
laminae in the plate results. We initially included a nonzero value
in the simulation, but we found that it caused substantial steady-
state error in the higher mode observers. This material constant
is generally introduced for torsion sensors,'> which may confuse
the modal observer in the filtering process as to which bending
frequency to converge upon. Regardless, since it may be set to zero in
the manufacturing process, we have done so in both the rectangular
and circular plate models.
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VII. Conclusions

‘We have presented a method to sense structural vibration by com-
bining modern piezoelectric film technology and modal analysis. In
comparison to previously developed orthogonal sensors, using seg-
mented piezoelectric strips sacrifices the ability to directly detect
individual modes. but eliminates the need for complicated sensor
geometries. Satisfactory modal information is obtained once the
sensor measurements are processed through modal observers. One
can accommodate mass and stiffness variations in the system simply
by recalculating the charge/modal coordinate matrices (by spatial
discretization, finite element method, etc.) and updating natural fre-
quency approximations in the modal observers. Feeding the mea-
surements through modal observers gives very good results, even
with noise, discretization, and modeling errors present.

The results obtained in the one- and two-dimensional analyses
indicate the piezoelements are very promising for the measurement
of the vibration of elastic bodies. They are lighter in weight, less
expensive, and more versatile than traditional discrete sensors. The
shape and location of each piezosensor affects the quality of the
sensor measurements 7, (¢) due to sensor output cancellation and
frequency rolloff behavior. For the method presented here, even sim-
ple rectangular shapes yield satisfactory results, once their output is
processed through modal observers. The size of the individual ele-
ments and the percent area of the structure covered by the piezofilms
also cease to be critical issues when the modal observers are used, as
long as about one-quarter of the structure is covered. In conclusion,
piezoelements as sensors for modal analysis present themselves as
viable alternatives to existing measurement approaches.
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